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Abstract
In a Banach space X the linear difference equation with constant coefficients
xn+p = a1xn+p−1 + . . . + apxn, is Ulam stable if and only if the roots rk,
1 ≤ k ≤ p, of its characteristic equation do not belong to the unit circle. If
|rk| > 1, 1 ≤ k ≤ p, we prove that the best Ulam constant of this equation
is 1
|V |
∞∑
s=1
∣∣∣V1rs
1
− V2
rs
2
+ . . .+ (−1)
p+1Vp
rsp
∣∣∣ , where V = V (r1, r2, . . . , rp) and Vk =
V (r1, . . . , rk−1, rk+1, . . . , rp), 1 ≤ k ≤ p, are Vadermonde determinants.
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1. Introduction
The origin of the stability theory of functional equations is traced to
the fall of 1940, when S.M. Ulam considered the problem of approximate
homomorphisms of groups. The first partial answer to Ulam′s problem came
within a year and it was given by D.H. Hyers, who proved that Cauchy’s
equation in Banach spaces is stable [20].
Generally, we say that an equation is stable in Ulam sense if for every
approximate solution of it there exists an exact solution of the equation near
it. For more details and results on Ulam stability we refer the reader to
[1, 10, 21].
In the last years, results on Ulam stability have been obtained in various
directions, we mention here on one hand the stability results for functional,
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difference or differential equations [8, 3, 4, 5, 28] and on the other hand the
Ulam stability results for linear operators [10, 32].
The problem of the best Ulam constant was first posed in [33]. In the
literature there are only a few results on the best Ulam constant of equations
and operators. We can merely mention here the characterization of Ulam sta-
bility of linear operators and the representation of their best Ulam constants
obtained in [30, 31, 32]. In the same direction J. Brzdek, S.M. Jung and
M. Th Rassias gave sharp estimates for the Ulam constant of some second
order linear difference equations [9, 12, 22, 23]. S.J Dilworth et all. in [15]
obtained the best Ulam constant of approximately convex functions. Later,
M. Onitsuka [25, 26] and D.R. Anderson and M. Onitsuka [2] obtained results
on Hyers-Ulam stability and on the best Ulam constant for a first order and
a second order linear difference equations with constant stepsize. C. Bus¸e et
all. [13] proved that a discrete system Xn+1 = AXn, n ∈ N, where A is a
matrix with complex entries, is Ulam stable if and only if A possesses a dis-
crete dichotomy. Recently, A.R. Baias and D. Popa obtained the best Ulam
constant for a second and a third order linear difference equation in Banach
spaces [3, 4], as well as for the second order linear differential operator [5].
The discrete dynamical systems are governed by difference equations. The
notions of stability and asymptotic stability for such systems concern the
behaviour of the solutions of the associated difference equation with respect
to an equilibrium point (see [16]). Ulam stability is connected to the notion
of perturbation and shadowing of a discrete dynamical system, so it can be a
measure of the reaction of the system under perturbation (see [27]). Finding
the best Ulam constant in this case it means to find the closest exact solution
of the dynamical system to a solution of the perturbed system.
The goal of this paper is to determine the best Ulam constant for a p
order linear difference equation with constant coefficients in Banach spaces,
for distinct roots of the characteristic equation belonging to the exterior of
the unit disc. In this way we improve and complement some existent results
in the field.
2. Main results
Let K be either the field of real numbers R or the field of complex numbers
C and (X, ‖ · ‖) a Banach space over the field K. By N = {0, 1, 2, . . .} we
denote the set of all nonnegative integers.
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Consider the linear difference equation of order p
xn+p = a1xn+p−1 + . . .+ apxn, n ∈ N, (2.1)
where a1, a2, . . . , ap ∈ K, x0, . . . , xp−1 ∈ X and p ≥ 1 is a positive integer.
We denote by r1, r2, . . . , rp the complex roots of the characteristic equa-
tion associated to (2.1), i.e.,
rp = a1r
p−1 + . . .+ ap. (2.2)
If r1, r2, . . . , rp are distinct numbers, then the general solution of the equation
(2.1) is given by
x(H)n = C1r
n
1 + . . .+ Cpr
n
p , n ∈ N, (2.3)
where C1, . . . , Cp ∈ X are arbitrary constants (see [14, 16, 18]). For more
details and results on linear difference equations in Banach spaces see [18,
Chapter 6].
Definition 2.1. The equation (2.1) is called Ulam stable if there exists a
constant K ≥ 0 such that for every ε > 0 and every sequence (xn)n≥0 in X
satisfying
‖xn+p − a1xn+p−1 − . . .− apxn‖ ≤ ε, n ∈ N, (2.4)
there exists a sequence (yn)n≥0 in X such that
yn+p = a1yn+p−1 + . . .+ apyn, n ∈ N, (2.5)
‖xn − yn‖ ≤ Kε, n ∈ N. (2.6)
A sequence (xn)n≥0 satisfying (2.4) for some positive ε is called an approx-
imate solution of the equation (2.8). So, Definition 2.1 can be reformulated
as follows: the equation (2.1) is called Ulam stable if for every approximate
solution of (2.1) there exists an exact solution near it. The number K from
Definition 2.1 is called an Ulam constant of the equation (2.1). In what fol-
lows we will denote by KR the infimum of all Ulam constants of the equation
(2.1). If KR is an Ulam constant for (2.1) then we call it the best Ulam con-
stant or the Ulam constant of the equation. Generally, the infimum of all
Ulam constants of an equation is not necessary an Ulam constant of that
equation (see [19, 28]).
Some Ulam stability results for the equation (2.1) can be found in [10].
Here we recall a result obtained in [11] and [29].
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Theorem 2.2. i) If |rk| 6= 1 for every k = 1, 2, . . . , p, then for every
ε > 0 and every sequence (xn)n≥0 in X satisfying
‖xn+p − a1xn+p−1 − . . .− apxn‖ ≤ ε, n ∈ N, (2.7)
there exists a sequence (yn)n≥0 in X such that
yn+p = a1yn+p−1 + . . .+ apyn, n ∈ N,
‖xn − yn‖ ≤
ε
|
p∏
k=1
(|rk| − 1)|
, n ∈ N.
Moreover, if |rk| > 1 for all k = 1, 2, . . . , p, then the sequence (yn)n≥0
is unique.
ii) If there exists j ∈ {1, . . . , p} such that |rj| = 1, then the equation (2.1)
is not Ulam stable.
Remark that K = 1∣∣
∣
∣
p∏
k=1
(|rk|−1)
∣
∣
∣
∣
is an Ulam constant for the linear difference
equation (2.1).
Consider also the linear and nonhomogeneous equation
xn+p = a1xn+p−1 + . . .+ apxn + fn, n ∈ N, (2.8)
associated to (2.1), where (fn)n≥0 is a sequence in X. The general solution
of (2.8) is given by
xn = x
(H)
n + x
(P )
n , n ∈ N, (2.9)
where x
(H)
n is the general solution of the homogeneous equation (2.1) and
x
(P )
n is a particular solution of (2.8). According to the method of variation of
parameters (see [16, 18]), the equation (2.8) admits a particular solution of
the form
x(P )n = C1(n)r
n
1 + . . .+ Cp(n)r
n
p , n ∈ N. (2.10)
The coefficients C1(n), . . . , Cp(n) satisfy the equation


rn+11 r
n+1
2 . . . r
n+1
p
rn+21 r
n+2
2 . . . r
n+2
p
. . . . . . . . . . . .
r
n+p
1 r
n+p
2 . . . r
n+p
p




∆C1(n)
∆C2(n)
...
∆Cp(n)

 =


0
...
0
fn

 , n ∈ N, (2.11)
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where ∆f denotes the linear difference of order one, i.e., ∆f(x) = f(x+1)−
f(x), for a function f : R→ X. Denoting
W (n+ 1) =


rn+11 r
n+1
2 . . . r
n+1
p
rn+21 r
n+2
2 . . . r
n+2
p
. . . . . . . . . . . .
r
n+p
1 r
n+p
2 . . . r
n+p
p

 ,
X(n) =


∆C1(n)
∆C2(n)
...
∆Cp(n)

 and F (n) =


0
...
0
fn

 ,
the equations (2.11) becomes
W (n+ 1) ·X(n) = F (n), n ∈ N.
Consequently,
X(n) = W−1(n+ 1) · F (n), n ∈ N.
The inverse matrix is given by W−1(n + 1) = 1
detW (n+1)
W ∗(n + 1), where
W ∗(n+1) = (wi,j), i, j = 1, . . . , p denotes the adjoint matrix. Notice that in
order to find the value of the coefficients C1(n), . . . , Cp(n) ∈ X, one needs to
find only the elements (wi,p), i = 1, . . . , p of the adjoint matrix W
∗(n + 1),
i.e., the cofactors (p, j)1≤j≤p of the matrix W (n+ 1).
In what follows, we denote for simplicity the Vandermonde determinants
of order p+1 by V = V (r1, r2, . . . , rp) and by Vk = V (r1, r2, . . . , rk−1, rk+1, . . . , rp),
k = 1, . . . , p, the Vandermonde determinants of order p, respectively. Conse-
quently, we obtain
detW (n+ 1) = rn+11 r
n+1
2 · · · r
n+1
p · V (r1, r2, . . . , rp)
and
Ck(n) = (−1)
p+kVk
V
n∑
s=1
fs−1
rsk
, k = 1, . . . , p.
Hence, a particular solution of the equation (2.8) takes the following form
x(P )n =
1
V
n∑
s=1
{(−1)p+1V1r
n−s
1 + (−1)
p+2V2r
n−s
2 + . . .+ (−1)
2pVpr
n−s
p }fs−1.
(2.12)
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The main result on the Ulam stability of the equation (2.1) is given in
the next theorem.
Theorem 2.3. Suppose that the characteristic equation admits distinct roots
with |rk| > 1, k = 1, . . . , p. Then for every ε > 0 and every sequence (xn)n≥0
in X satisfying
‖xn+p − a1xn+p−1 − . . .− apxn‖ ≤ ε, n ∈ N, (2.13)
there exists a unique sequence (yn)n≥0 in X such that
yn+p = a1yn+p−1 + . . .+ apyn, n ∈ N, (2.14)
‖xn − yn‖ ≤ Kε, n ∈ N, (2.15)
where
K =
1
|V |
∞∑
s=1
∣∣∣∣V1rs1 −
V2
rs2
+ . . .+ (−1)p+1
Vp
rsp
∣∣∣∣ . (2.16)
Proof. Existence. First we consider the case K = C. Let (xn)n≥0 be a
sequence in X satisfying (2.13) and let
fn := xn+p − a1xn+p−1 − . . .− apxn, n ∈ N.
Hence ‖fn‖ ≤ ε, for every n ∈ N.
Then, there exist C1, . . . , Cp ∈ X such that
xn = C1r
n
1 + . . .+ Cpr
n
p + x
(P )
n ,
where x
(P )
n is given by (2.12). Define (yn)n≥0 by y0 = x0 and
yn = C1r
n
1 + . . .+ Cpr
n
p , n ≥ 1,
with
Ck = Ck +
(−1)p+kVk
V
∞∑
s=1
fs−1
rsk
, 1 ≤ k ≤ p. (2.17)
Since ‖ fs−1
rs
k
‖ ≤ ε
|rk|s
, s ≥ 1 and |rk| > 1, k = 1, . . . , p, it follows that the series
∞∑
s=1
fs−1
rs
k
is absolutely convergent, so the constants Ck, k = 1, . . . , p, are well
defined. On the other hand (yn)n≥0 satisfies (2.14).
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We get
xn − yn = −
1
V
{
∞∑
s=n+1
(
(−1)p+1
V1
rs−n1
+ (−1)p+2
V2
rs−n2
+ . . .+ (−1)2p
Vp
rs−np
)
fs−1
}
= −
1
V
∞∑
s=1
(
(−1)p+1
V1
rs1
+ (−1)p+2
V2
rs2
+ . . . (−1)2p
Vp
rsp
)
fs+n−1, n ∈ N,
therefore
‖xn − yn‖ ≤
ε
|V |
∞∑
s=1
∣∣∣∣V1rs1 −
V2
rs2
+ . . .+ (−1)p+1
Vp
rsp
∣∣∣∣ , n ∈ N.
Now let K = R. Then X2 is a complex Banach space with a linear struc-
ture and the Taylor norm ‖ · ‖T defined by
(x, y) + (z, w) = (x+ z, y + w)
(λ+ iµ)(x, y) = (λx− µy, µx+ λy)
‖(x, y)‖T = sup
0≤θ≤2pi
‖(cos θ)x+ (sin θ)y‖,
for x, y, z, w ∈ X and λ, µ ∈ R, see [24, p. 66] and [17, p. 39]. The following
relations hold
max{‖x‖, ‖y‖} ≤ ‖(x, y)‖T ≤ ‖x‖ + ‖y‖
for all x, y ∈ X. Define (Xn)n≥0 by (Xn) = (xn, 0), n ∈ N. Then
‖Xn+p − a1Xn+p−1 − . . .− apXn‖T ≤ ε, n ∈ N.
According to the previous part of the proof there exists a sequence (Yn)n≥0
in X2 such that
‖Xn − Yn‖T ≤ Kε, n ∈ N.
Let pi(x1, x2) = xi, i = 1, 2. Then yn = p1(Yn), n ∈ N, is a solution of
(2.1) and (2.15) holds.
Uniqueness. Suppose that for a sequence (xn)n≥0 satisfying (2.13) there
exist two sequences (yn)n≥0 and (zn)n≥0 satisfying the equation (2.14) such
that
‖xn − yn‖ ≤ Kε and ‖xn − zn‖ ≤ Kε, n ≥ 0,
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where K is given by (2.16). Then
‖yn − zn‖ ≤ ‖yn − xn‖+ ‖xn − zn‖ ≤ 2Kε, n ≥ 0. (2.18)
The sequence (un)n≥0, un = yn − zn, n ≥ 0, satisfies also the relation (2.1),
therefore there exist λ1, λ2, . . . , λp ∈ X such that
un = λ1r
n
1 + λ2r
n
2 + . . .+ λpr
n
p .
Since |rk| > 1, k = 1, . . . , p, it follows that (un)n≥0 is unbounded,a con-
tradiction to (2.18). Consequently, λ1 = λ2 = · · · = λp = 0, which entails
yn = zn, n ≥ 0. The theorem is proved.
The result on the best Ulam constant of the equation (2.1) is given in the
next theorem.
Theorem 2.4. If |rk| > 1, 1 ≤ k ≤ p, then the best Ulam constant of the
equation (2.1) is given by
KR =
1
|V |
∞∑
s=1
∣∣∣∣V1rs1 −
V2
rs2
+ . . .+
(−1)p+1Vp
rsp
∣∣∣∣ . (2.19)
Proof. Suppose that the equation (2.1) admits an Ulam constant K < KR.
Let ε > 0, u ∈ X, ‖u‖ = 1 and
fn =
{
|En|
En
uε, if En 6= 0,
0, if En = 0,
(2.20)
where
En =
V1
rn1
−
V2
rn2
+ . . .+
(−1)p+1Vp
rnp
, n ≥ 1.
Let (xn) be the solution of the equation
xn+p − a1xn+p−1 − . . .− apxn = fn, n ≥ 0,
given by
xn = C1r
n
1 + . . .+ Cpr
n
p + x
(P )
n ,
8
where x
(P )
n is given by (2.10) with
Ck = −(−1)
p+kVk
V
∞∑
s=1
fs−1
rsk
, k = 1, 2, . . . , p.
Then
xn = −
1
V
∞∑
s=n+1
(
(−1)p+1V1
rs−n1
+
(−1)p+2V2
rs−n2
+ · · ·+
(−1)2pVp
rs−np
)
fs−1
=
(−1)p
V
∞∑
s=1
(
V1
rs1
−
V2
rs2
+ · · ·+
(−1)p+1Vp
rsp
)
fn+s−1. (2.21)
Since ‖fn‖ ≤ ε, n ≥ 0, and |rk| > 1, 1 ≤ k ≤ p, it follows that (xn)n≥0 is
a bounded sequence in X and
‖xn+p − a1xn+p−1 − · · · − apxn‖ ≤ ε, n ≥ 0.
Then there exist a sequence (yn)n≥0 satisfying (2.5), yn = K1r
n
1 + . . . +
Kpr
n
p , n ≥ 0, K1, . . . ,Kp ∈ X, such that
‖xn − yn‖ ≤ Kε, n ≥ 0. (2.22)
If (K1,K2, . . . ,Kn) 6= (0, 0, . . . , 0) letting n → ∞ in (2.22) we get ∞ ≤
Kε, a contradiction. Therefore (K1,K2, . . . ,Kn) = (0, 0, . . . , 0), yn = 0, for
all n ≥ 0. For n = 1 in (2.22) it follows that ‖x1‖ ≤ Kε. But according to
(2.21), we get
x1 =
(−1)p
V
∞∑
s=1
Esfs =
(−1)p
V
uε
∞∑
s=1
|Es|.
Therefore ‖x1‖ = εKR. Thus the relation ‖x1‖ ≤ Kε leads to KR ≤ K, a
contradiction to the initial supposition.
Remark 2.5. Theorem 2.4 is an extension of the result given in [3, 6] for
distinct roots of the characteristic equation. Indeed, the particular case p = 2
corresponds to the second order linear difference equation, i.e.,
xn+2 = a1xn+1 + a2xn, n ∈ N, (2.23)
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and the best Ulam constant in this case is
KR =
1
|r1 − r2|
∞∑
s=1
∣∣∣∣ 1rs1 −
1
rs2
∣∣∣∣ ,
for |r1| > 1, |r2| > 1 (see [5]).
The particular case p = 3 corresponds to the third order linear difference
equation, i.e.,
xn+3 = a1xn+2 + a2xn+1 + a3xn, n ∈ N, (2.24)
and the best Ulam constant in this case is
KR =
1
|(r3 − r1)(r3 − r2)(r2 − r1)|
∞∑
s=1
∣∣∣∣r3 − r2rs1 +
r1 − r3
rs2
+
r2 − r1
rs3
∣∣∣∣ ,
for |r1| > 1, |r2| > 1, |r3| > 1 (see [6]).
Remark 2.6. It will be interesting to obtain a closed form for the best Ulam
constant of the equation (2.1) for all the cases when the roots of the charac-
teristic equation are situated outside of the unit circle.
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